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Abstract
In this paper we study the properties of the solutions to the Cauchy problem
(1) (utt −∆u)gs = f(u) + g(|x|), t ∈ [0, 1], x ∈ R3,
(2) u(1, x) = u0 ∈ H˙1(R3), ut(1, x) = u1 ∈ L2(R3),
where gs is the Reissner-Nordstro¨m metric (see [2]); f ∈ C1(R1), f(0) = 0, a|u| ≤
f ′(u) ≤ b|u|, g ∈ C(R+), g(|x|) ≥ 0, g(|x|) = 0 for |x| ≥ r1, a and b are positive
constants, r1 > 0 is suitable chosen.
When g(r) ≡ 0 we prove that the Cauchy problem (1), (2) has a nontrivial solution
u(t, r) in the form u(t, r) = v(t)ω(r) ∈ C((0, 1]H˙1(R+)), where r = |x|, and the solution
map is not uniformly continuous.
When g(r) 6= 0 we prove that the Cauchy problem (1), (2) has a nontrivial solution
u(t, r) in the form u(t, r) = v(t)ω(r) ∈ C((0, 1]H˙1(R+)), where r = |x|, and the solution
map is not uniformly continuous.
Subject classification: Primary 35L10, Secondary 35L50.
1. Introduction
In this paper we study the properties of the solutions to the Cachy problem
(1) (utt −∆u)gs = f(u) + g(|x|), t ∈ [0, 1], x ∈ R3,
(2) u(1, x) = u0 ∈ H˙1(R3), ut(1, x) = u1 ∈ L2(R3),






r2 −Kr +Q2 dr
2 − r2dφ2 − r2 sin2 φdθ2,
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K and Q are positive constants, f ∈ C1(R1), f(0) = 0, a|u| ≤ f ′(u) ≤ b|u|, g ∈ C(R+),
g(|x|) ≥ 0, g(|x|) = 0 for |x| ≥ r1, a and b are positive constants, r1 > 0 is suitable chosen.












(2) u(1, r, φ, θ) = u0 ∈ H˙1(R+×[0, 2pi]×[0, pi]), ut(1, r, φ, θ) = u1 ∈ L2(R+×[0, 2pi]×[0, pi]).
When gs is the Minkowski metric; u0, u1 ∈ C∞0 (R3) in [5](see and [1], section 6.3) is
proved that there exists T > 0 and a unique local solution u ∈ C2([0, T ) × R3) for the
Cauchy problem
(utt −∆u)gs = f(u), f ∈ C2(R), t ∈ [0, T ], x ∈ R3,





When gs is the Minkowski metric, 1 ≤ p < 5 and initial data are in C∞0 (R3), in [5](see
and [1], section 6.3) is proved that the initial value problem
(utt −∆u)gs = u|u|p−1, t ∈ [0, T ], x ∈ R3,
u|t=0 = u0, ut|t=0 = u1,
admits a global smooth solution.
When gs is the Minkowski metric and initial data are in C∞0 (R3), in [4](see and [1],
section 6.3) is proved that there exists a number 0 > 0 such that for any data (u0, u1) ∈
C∞0 (R3) with E(u(0)) < 0, the initial value problem
(utt −∆u)gs = u5, t ∈ [0, T ], x ∈ R3,
u|t=0 = u0, ut|t=0 = u1,
admits a global smooth solution.
When gs is the Minkowski metric in [6] is proved that the Cauchy problem
(utt −∆u)gs = f(u), t ∈ [0, 1], x ∈ R3,
u(1, x) = u0, ut(1, x) = u1,
has global solution. Here f ∈ C2(R), f(0) = f ′(0) = f ′′(0) = 0,
|f ′′(u)− f ′′(v)| ≤ B|u− v|q1
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for |u| ≤ 1, |v| ≤ 1, B > 0, √2 − 1 < q1 ≤ 1, u0 ∈ C5◦(R3), u1 ∈ C4◦(R3), u0(x) = u1(x) = 0
for |x− x0| > ρ, x0 and ρ are suitable chosen.
When gs is the Reissner - Nordstro¨m metric, n = 3, p > 1, q ≥ 1, γ ∈ (0, 1) are fixed
constants, f ∈ C1(R1), f(0) = 0, a|u| ≤ f ′(u) ≤ b|u|, g ∈ C(R+), g(|x|) ≥ 0, g(|x|) = 0 for
|x| ≥ r1, a and b are positive constants, r1 > 0 is suitable chosen, in [7] is proved that the
initial value problem (1), (2), has nontrivial solution u ∈ C((0, 1]B˙γp,q(R+)) in the form
u(t, r) =
{
v(t)ω(r) for r ≤ r1, t ∈ [0, 1],
0 for r ≥ r1, t ∈ [0, 1],
where r = |x|, for which limt−→0 ||u||B˙γp,q(R+) =∞.
In this paper we will prove that the Cauchy problem (1), (2) has nontrivial solution
u = u(t, r) ∈ C((0, 1]H˙1(R+)) and the solution map is not uniformly continuous. When
we say that the solution map (u◦, u1, g) −→ u(t, r) is uniformly continuous we understand:
for every positive constant  there exist positive constants δ and R such that for any two
solutions u, v of the Cauchy problem (1), (2), with right hands g = g1, g = g2 of (1), so that
(2′) E(1, u − v) ≤ δ, ||g1||L2(R+) ≤ R, ||g2||L2(R+) ≤ R, ||g1 − g2||L2(R+) ≤ δ,
the following inequality holds
(2′′) E(t, u− v) ≤  for ∀t ∈ [0, 1],
where




Our main results are
Theorem 1.1. Let K, Q are positive constants for which

K2 > 4Q2, 1
1−K+Q2
≥ 1,





1−K +Q2 > 0.
Let also g ≡ 0, f ∈ C1(R1), f(0) = 0, a|u| ≤ f ′(u) ≤ b|u|, a and b are positive constants.
Then the homogeneous Cauchy problem (1), (2) has nontrivial solution u(t, r) = v(t)ω(r) ∈
C((0, 1]H˙1(R+)). Also there exists t◦ ∈ [0, 1) for which exists constant  > 0 such that for
every positive constant δ exist solutions u, v of (1), (2), so that
E(1, u− v) ≤ δ,
and
E(t◦, u− v) ≥ .
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Theorem 1.2. Let K, Q are positive constants for which

K2 > 4Q2, 11−K+Q2 ≥ 1,





1−K +Q2 > 0.
Let also g 6= 0, g ∈ C(R+), g(r) ≥ 0 for r ≥ 0, g(r) = 0 for r ≥ r1, f ∈ C1(R1), f(0) = 0,
a|u| ≤ f ′(u) ≤ b|u|, a and b are positive constants. Then the nonhomogeneous Cauchy
problem (1), (2) has nontrivial solution u(t, r) = v(t)ω(r) ∈ C((0, 1]H˙1(R+)). Also there
exists t◦ ∈ [0, 1) for which exists constant  > 0 such that for every pair positive constants
δ and R exist solutions u, v of (1), (2), with right hands g = g1, g = g2 of (1), so that
E(1, u − v) ≤ δ, ||g1||L2(R+) ≤ R, ||g2||L2(R+) ≤ R, ||g1 − g2||L2(R+) ≤ δ,
and
E(t◦, u− v) ≥ .
The paper is organized as follows. In section 2 we prove theorem 1.1. In section 3 we prove
theorem 1.2.
2. Proof of theorem 1.1.






For fixed p > 1, q ≥ 1, γ ∈ (0, 1) and g ∈ C(R+), g(r) ≥ 0 for r ≥ 0 we suppose that
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Example. Let 0 <  << 13 is enough small,
A = 1
4
, B = 1

, p = 32 , q =
3
2 , γ =
1












11(r − r1)2 for r ≤ r1,
0 for r ≥ r1,








a = 4, b = 3.
Then
1− αK + α2Q2 = 1− 3K + 9Q2 = 20,
1−K +Q2 = 2 • .
When g(r) ≡ 0 we put
(1′) u0 := v(1)ω(r) =












dsdτ for r ≤ r1,
0 for r ≥ r1,
and u1 ≡ 0. Here v(t) is fixed function which satisfies the conditions
(H1) v(t) ∈ C3[0,∞), v(t) > 0 for ∀t ∈ [0, 1];





v(t) ≥ a2A4 , maxt∈[0,1] v
′′(t)
v(t) ≤ 2aA2 ;
v′′(t)− a2A4 v(t) ≥ 0 for t ∈ [0, 1].
Bellow we will prove that the equation (1′) has unique nontrivial solution ω(r) for which












There exists function v(t) for which (H1)-(H3) are hold. Really, let us consider the
function
(3) v(t) =



















≥ 0 ∀ t ∈ [0, 1],
v′′′(t) = 0, v′′′(1) = 0,











v(t) ≥ a2A4 ,
maxt∈[0,1]
v′′(t)
v(t) ≤ 2aA2 ,
v′′(t)− a2A4 v(t) = 12A7
a2
(2− t)t,
i.e. (H3) is hold.
2.1. Local existence of nontrivial solutions of homogeneous Cauchy prob-
lem (1), (2)
Let v(t) is fixed function which satisfies the hypothesis (H1)− (H3).
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In this section we will prove that the homogeneous Cauchy problem (1), (2) has non-
trivial solution in the form
u(t, r) =
{
v(t)ω(r) for r ≤ r1, t ∈ [0, 1],
0 for r ≥ r1, t ∈ [0, 1].













v(t) u(t, s)− s2f(u(t, s))
)
dsdτ, 0 ≤ r ≤ r1, t ∈ [0, 1],
0 for r ≥ r1, t ∈ [0, 1],
where u(t, r) = v(t)ω(r).
Theorem 2.1. Let v(t) is fixed function which satisfies the hypothesis (H1)-(H3). Let
also p > 1, q ∈ [1,∞) and γ ∈ (0, 1) are fixed and the positive constants A, a, b, B,
Q,K, α > β > 1 satisfy the conditions i1)-i6) and f ∈ C1(R1), f(0) = 0, a|u| ≤ f ′(u) ≤
b|u|. Then the equation (?) has unique nontrivial solution u(t, r) = v(t)ω(r) for which








and t ∈ [0, 1] u(t, r) ≥ 1
A2




and t ∈ [0, 1] |u(t, r)| ≤ 2
AB
.
Proof. In [7, p. 303-309,theorem 3.1] is proved that the equation (?) has solution
u(t, r) in the form u(t, r) = v(t)ω(r) for which
u(t, r) ∈ C([0, 1] × [0, r1]);
u(t, r) = ur(t, r) = urr(t, r) = 0 for r ≥ r1 and t ∈ [0, 1],








and t ∈ [0, 1] u(t, r) ≥ 1
A2
;











and t ∈ [0, 1] |u(t, r)| ≤ 2
AB
.
In [7] is used the following definition of the B˙γp,q(M)-norm (γ ∈ (0, 1), p > 1, q ≥ 1) (see [3,









∆hu = u(x+ h)− u(x).
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here we use that from i5) we have that r1 < 1,
s4
s2−Ks+Q2 ≤ 11−K+Q2 for s ∈ [0, r1],
1




































here we use that |u(t, r)| ≤ 2
AB























here we use that maxt∈[0,1]
v′′(t)
v(t) ≤ 2aA2 ,







































for every fixed t ∈ (0, 1]. Therefore u(t, r) ∈ C((0, 1]H˙1([0,∞))). •
Let u˜ is the solution from the theorem 2. 1, i.e u˜ is the solution to the equation (?).
From proposition 2.1([7]) u˜ satisfies the equation (1). Then u˜ is solution to the Cauchy













dsdτ for r ≤ r1,













dsdτ = 0 for r ≤ r1,
0 for r ≥ r1,
u0 ∈ H˙1(R+), u1 ∈ L2(R+), u˜ ∈ C((0, 1]H˙1[0, r1]).
2.2. Uniformly continuity of the solution map for the homogeneous Cauchy
problem (1), (2)
Let v(t) is same function as in Theorem 2.1.
Theorem 2.2. Let p > 1, q ≥ 1 and γ ∈ (0, 1) are fixed and the positive constants
a, b, A, B, Q, K, 1 < β < α satisfy the conditions i1)-i6). Let f ∈ C1(R1), f(0) = 0,
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a|u| ≤ f ′(u) ≤ b|u|. Then there exists t◦ ∈ [0, 1) for which there exists constant  > 0 such
that for every positive constant δ exist solutions u1 and u2 so that
E(1, u1 − u2) ≤ δ
and
E(t◦, u1 − u2) ≥ .
Proof. Let us suppose that the solution map (u◦, u1, g) −→ u(t, r) is uniformly con-
tinuous.
Let






1− αK + α2Q2
( a






u1 = u˜, u2 = 0.
Then there exists positive constant δ such that
E(1, u1 − u2) ≤ δ,
and
E(t, u1 − u2) ≤  for ∀t ∈ [0, 1].













































and for t ∈ [0, 1] we have that s4
s2−Ks+Q2
v′′(t)
v(t) u˜(t, s) −
s2f(u˜(t, s)) ≥ 0(see [7, p. 305-306]) and 1
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here we use that u˜(t, s) ≥ 1
A2







, u˜2(t, s) ≤ 4
A2B2
for t ∈ [0, 1] and




























here we use that s
2


















































1− αK + α2Q2
( a




which is contradiction with (4). •
3. Proof of Theorem 1.2.
3.1. Local existence of nontrivial solutions for nonhomogenious Cauchy
problem (1), (2)














For instance, the function
v(t) =






satisfies the hypothesis (H1), (H2) and (H4).













v(t) u(t, s)− s2f(u(t, s))− s2g(s)
)
dsdτ, 0 ≤ r ≤ r1,
0 for r ≥ r1,
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t ∈ [0, 1], where u(t, r) = v(t)ω(r).
Theorem 3.1. Let v(t) is fixed function which satisfies the hypothesis (H1), (H2),
(H4). Let also p > 1, q ∈ [1,∞) and γ ∈ (0, 1) are fixed and the positive constants
A, a, b, B, Q,K, α > β > 1 satisfy the conditions i1)-i7) and f ∈ C1(R1), f(0) = 0,
a|u| ≤ f ′(u) ≤ b|u|, g ∈ C(R+), g(r) ≥ 0 for ∀r ∈ R+, g(r) = 0 for r ≥ r1. Then
the equation (?′) has unique nontrivial solution u(t, r) = v(t)ω(r) for which w ∈ C2[0, r1],








t ∈ [0, 1] u(t, r) ≥ 1
A2




and t ∈ [0, 1] |u(t, r)| ≤ 2
AB
.
Proof. In [7, p. 313-316,theorem 4.1] is proved that the equation (?′) has solution
u(t, r) in the form u(t, r) = v(t)ω(r) for which
u(t, r) ∈ C([0, 1] × [0, r1]);
u(t, r) = ur(t, r) = urr(t, r) = 0 for r ≥ r1 and t ∈ [0, 1],








and t ∈ [0, 1] u(t, r) ≥ 1
A2
;











and t ∈ [0, 1] |u(t, r)| ≤ 2
AB
.






















here we use that from i5) we have that r1 < 1,
s4
s2−Ks+Q2 ≤ 11−K+Q2 for s ∈ [0, r1],
1




































here we use that |u(t, r)| ≤ 2
AB
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here we use that maxt∈[0,1]
v′′(t)
v(t) ≤ 2aA2 ,

























































for every fixed t ∈ (0, 1]. Therefore u(t, r) ∈ C((0, 1]H˙1([0,∞))). •
Let u¯ is the solution from the theorem 3. 1. , i.e u¯ is the solution to the equation (?′).
From proposition 2.3[7] we have that u¯ satisfies the equation (1). Then u¯ is solution to the













dsdτ for r ≤ r1,
















for r ≤ r1,
0 for r ≥ r1,
u¯0 ∈ H˙1(R+), u¯1 ∈ L2(R+), u¯ ∈ C((0, 1]H˙1[0, r1]).
3.2. Uniformly continuity of the solution map for the nonhomogeneous
Cauchy problem (1), (2)
Let v(t) is same function as in Theorem 3.1.
Theorem 3.2. Let p > 1, q ≥ 1 and γ ∈ (0, 1) are fixed and the positive constants
a, b, A, B, Q, K, 1 < β < α satisfy the conditions i1)-i7). Let f ∈ C1(R1), f(0) = 0,
a|u| ≤ f ′(u) ≤ b|u|, g ∈ C(R+), g(r) ≥ 0 for r ≥ 0, g(r) = 0 for r ≥ r1. Then there exists
t◦ ∈ [0, 1) for which there exists constant  > 0 such that for every positive constants δ and
R exist solutions u1, u2 of (1), (2) with right hands g = g1, g = g2 of (1), so that
E(1, u1 − u2) ≤ δ, ||g1||L2(R+) ≤ R, ||g2||L2(R+) ≤ R, ||g1 − g2||L2(R+) ≤ δ,
and
E(t◦, u1 − u2) ≥ .
Proof. Let us suppose that the solution map (u◦, u1, g) −→ u(t, r) is uniformly con-
tinuous. Let
(5)






1− αK + α2Q2
( a
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Let also
u1 = u¯, u2 = 0, g2 ≡ 0, g1 ≡ g,
where g is the function from theorem 3.1. Then there exist positive constants δ and R such
that
||g1||L2(R+) ≤ R, ||g2||L2(R+) ≤ R, ||g1 − g2||L2(R+) ≤ δ,
E(1, u1 − u2) ≤ δ,
and
E(t, u1 − u2) ≤  for ∀t ∈ [0, 1].






















































− r21 maxr∈[0,r1] g(r) ≥ 0



















































































here we use that u¯(t, s) ≥ 1
A2







, u¯2(t, s) ≤ 4
A2B2
for t ∈ [0, 1] and
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here we use that s
2



























































1− αK + α2Q2
( a











which is contradiction with (5). •
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